
PrefaCe

This textbook contains materials for several courses that are taught in the Mas-
ter Programme in Financial Engineering in the Poznań University of Economics 
and Business. The realm of financial engineering (or quantitative finance) is very 
broad and we have limited space, so we had to select some materials that we 
found the most important. As such topics we recognize investments, risk assess-
ment and pricing. The chapters of this book are connected with these areas.

Chapter one covers methods used in the portfolio analysis. Starting from the 
classic Sharpe’s Capital Asset Pricing Model, it moves to more refined and mod-
ern multifactor models of investment returns. The chapter contains real-life ex-
amples and cases from Polish and worldwide markets.

The second chapter describes basic methods of risk measurement in finance. 
It provides the definition of a risk and describes sources and types of risks one 
can encounter in financial institutions. It also provides the main measures of 
risk–both market risk as well as credit risk.

The third chapter provides an introduction to methods used in the derivative 
instruments pricing. The techniques of building formal models of financial mar-
kets are presented here. In the chapter basic notions connected with mathemati-
cal modelling in finance (such as arbitrage, risk-neutral measures and martingale 
pricing) are described. Due to lack of space only the discrete models (i.e. models 
with finite time horizon and sample space) are presented here.

Chapter four is devoted to corporate finance. It describes the main types 
of securities offered by companies to finance their economic activities. The 
main aims of issuing securities and methods of offering them are presented. 
The chapter contains also a description of practices from the Polish market and 
contains examples concerning this market.

The fifth chapter deals with modelling the term structure of interest 
rates. Starting from the basic concepts connected with time value of money, it 
introduces and describes various types of interest rates. The methods of estimat-
ing terms structure of interest rates from bonds’ prices are presented here. The 
chapter ends with the description of the main models of term structure of interest 
rates that are used by central banks worldwide.

Chapter six provides broader view on the methods presented in the previ-
ous chapter and is related to the market practice. It contains information about 



the usage of term structure of interest rates in pricing swap instruments. The 
main swap instruments in the Polish financial markets are presented here. In the 
chapter it is shown that after the crisis of 2007-2009 more advanced methods, 
assuming the existence of many yield curves, are needed in practice.

The seventh chapter is devoted to hedge funds and their investment strat-
egies. It presents an overview of the history of hedge funds and the reasons 
for their existence. Then it describes investment strategies used by such funds–
in particular, strategies that make use of derivative instruments. The chapter ends 
with the examples of such strategies.

All the authors hope that this textbook will be helpful for the students of 
the financial engineering programme, but also for all who want to develop 
their knowledge in finance and, in particular, in quantitative methods used in fi-
nance.
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ChaPter 1 
MultifaCtor Models: Portfolio theory

The capital asset pricing model (CAPM), is one of the most elegant and appealing 
models in finance. This theory was independently developed by Treynor (1961), 
Sharpe (1964), Lintner (1965) and Mossin (1966) on the fundamentals of Mar-
kowitz’s efficient portfolio theory (Perold, 2004). Without exaggeration the 
CAPM has probably been one of the most useful and frequently used financial 
economic theories ever developed. It has also been widely discussed and ques-
tioned. In this chapter we will focus on the application of CAPM model to the 
Polish capital market, which according to Modern Index Strategy indexes deliv-
ered by Morgan Stanley Capital International (MSCI) classification, belongs to 
the European emerging markets.1 First, we will start with single-factor models, 
CAPM, and then show how the most successful extensions used in the litera-
ture are employed for this particular market. We will also examine if multifac-
tor models provide a better explanation for the behavior of stocks returns on the 
Warsaw Stock Exchange.

1.1. Capital asset pricing model

Let us start with the assumptions of the single and multifactor models. As the 
capital market theory is based on Markowitz’s portfolio theory, the assumptions 
are nearly identical to those used in Markowitz’s approach and may be summa-
rized as follows (Reilly & Brown, 2002):

1.  All investors are directed by the risk-return distribution. They want to 
obtain the market portfolio or any other portfolio that is on the efficient 
frontier. The choice of the exact portfolio depends on the personal util-
ity function.

2.  All investors have homogenous expectations.
3.  Investors can borrow and lend money at the same risk-free rate.

1 https://www.msci.com/market-classification.
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4.  All investors have the same investment horizon – the models are devel-
oped for a single hypothetical period.

5.  There are no transaction costs, no taxes and no inflation. The investments 
are perfectly divisible. The capital markets are in equilibrium.

We start with the capital asset pricing model which represents the relationship 
between the risk and the expected rate of return. In the CAPM the expected ex-
cess return on any single risky asset, that is the difference between the expected 
return on the asset and the risk-free rate return, is proportional to the expected 
excess return on the market portfolio (Alexander, 2008). The excess return of 
a given asset depends on the excess market return with a special coefficient  :β

 ( ) ( )( ) .i F i M FE R r E R rβ=− −  (1)

Without the expectations the formula is as follows:

 ( )  ,i F i M FR r R rβ+ −=  (2)

where 2
cov( , ) ,

var( )
i M i M iM
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Fr   –  is a risk-free rate,
 iR  –  is return from asset i,

 MR  –  is return from market portfolio,
M, , i Mσ σ  –  stand for standard deviations of returns of asset i and the mar-

ket portfolio,
iMρ  –  describes the correlation coefficient between returns.

On the basis of this return-generating model one easily obtain the required 
(proper) return from the investment in asset i given the actual market condi-
tions. One can compare the required rate of return with the estimated rate of 
return to asses if the asset is overvalued, undervalued or properly valued. The 
difference between expected returns (1) and realized returns (2) is due to errors 
that appear when the expectations are related to the realized values:

 ( ).i i F i M Fe R r R rβ− − −=  (3)

The beta coefficient in this approach represents assets’ sensitivity to the 
market portfolio changes and as such it is perceived as a measure of a system-
atic risk. As it relates the covariance to the variance of market portfolio, it is 
also a standardized measure and thus can be compared across the stocks listed 
on a given market. If beta is higher than 1, then the asset is said to be aggressive, 
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it means it both grows and decreases faster than the market portfolio. We may 
also say that the asset has a higher standardized systematic risk than the market 
and thus it is more volatile than the overall market portfolio. If the beta is equal 
to one, then the portfolio behaves as a market portfolio. Beta in the interval 
(0,1) means that the asset grows more slowly than the market and decreases also 
slowly; such an asset has lower volatility than the market. The most interesting 
is a negative beta case: it happens when the asset returns are changing in differ-
ent direction than the market portfolio returns. There are many approaches to 
calculate beta in the real world and we discuss them in subchapter 1.2.2.

The Security Market Line (SML) is derived from the CAPM (1) model, 
where the expected return ( )iE R  depends on the beta coefficient, .β  The SML 
is often used for valuation and allows to examine if a given asset is underval-
ued, overvalued or properly valued. Based on the actual characteristics of the 
market, the return of the market portfolio, beta of an instrument and the risk-free 
rate, one is able to examine if the asset returns fit the SML. In case the asset 
return is above the SML, this instrument is undervalued, whereas if the return is 
below the SML, it is overvalued. However, in the equilibrium, all single assets 
should “lie” on the SML.

An investor considers not only the return, but also risk of the stock. In the 
CAPM approach risk is measured as the variance of the returns and based on Eq. 
(2) is expressed in the following way:

 ( ) ( )( )var var     .i F i M F iR r R r eβ= + − +  (4)

Taking into account that Fr  and β  are fixed:

 ( ) ( ) ( ) ( )( )( )2var var var 2cov .i M F i i M F iiR R r e R r eβ β= + +− −  (5)

( )iE R

Fr

( )ME R
M

Figure 1. The Securities Market Line
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As we assume also that market portfolio return should be not correlated with 
the error term, we obtain:

 ( ) ( ) ( )2var  var var .i M iiR R eβ= +  (6)

Thus the total variance is decomposed into a systematic variance (measured 
by the beta coefficient) and a non-systematic (idiosyncratic) variance. The sys-
tematic risk is due to the market as a whole and is non-diversifiable, while the 
non-systematic risk can be diversified by increasing the number of the assets 
in the portfolio.

Since Ang, Hodrick, Xing and Zhang (2006), there is an ongoing discus-
sion about the idiosyncratic volatility IVOL puzzle. This phenomena appears 
when the performance of stocks with a low idiosyncratic risk outperforms that 
of stocks with a high idiosyncratic risk. Stambaugh, Yu and Yuan (2015) find 
that the relationship between idiosyncratic volatility and return is negative only 
among overpriced stocks, while among underpriced stocks this relationship is 
positive. However, Zaremba (2018) shows that this feature comes out of the 
mathematical properties of return distributions.

Problems and solutions

Problem i

Consider the following characteristics of market and stock X: the risk-free rate 
is 2%, the expected rate (based on fundamental value) of return from market 
portfolio is 6% and the risk measured by its standard deviation is 4%, while 
for X asset it is 5%. The correlation coefficient of asset X’ returns with the mar-
ket portfolio returns is +0.2. The stock is priced at 100 EUR and is supposed to 
be worth 107 within a year. Calculate beta for asset X and find out if stock X is 
undervalued or overvalued.

solution
The expected return for stock X is: ( ) (107 100) /100 7%iE R = − =
Beta for stock X: As 0.2,MXρ =

 

( )
( ) 2

cov  5 0.2  0.25
v

,
ar  4
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(and ( )cov ,    (4 5) / 0.2 100).X M M X MXR R σ σ ρ= ⋅ ⋅ ==

The return based on the SML is:
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 ( ) ( )( )  2 0.25 (6 2) 3%.X F M FE R r E R rβ= + − = + ⋅ − =

As our expected rate of return is 7%, and this is higher than 2.5% from SML, 
asset X is undervalued.

Problem ii

An analyst expects a risk-free rate of 3%, a market return of 5.5% with a risk 
measured with standard deviation of 3%. The characteristics for stocks A and B 
are shown below:

Stock beta Standard deviation (%) Expected rate of return (%)
A 1.2 5 7.5
B 0.8 2.5 4

1.  Draw SML and find out if the stocks are fairly valued by the market (un-
der/overvalued)?

2.  Will your conclusion change if the risk-free rate decreases to 1%?

solution

Blue bullets are for the SML line with   3%,Fr =  while red bullets are for the 
SML line with  1 %.Fr =

The black bullet depicts the expected rate of return of A–the difference be-
tween the black and blue (red) bullet for a given value of beta shows that asset A 
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is undervalued. On the contrary, the black square depicts the expected rate of 
return of B that irrespectively of the value of risk-free rate is overvalued.

The results of calculations are presented below:

Stock beta Standard 
deviation (%)

Expected 
rate of return

SML 
valuation under 

3=Fr   %  (%)

SML 
valuation under 

1=Fr   %  
(%)

A 1.2 5 7.5 6 6.4
B 0.8 2.5 4 5 4.6
M 1 3 5.5

With respect to the second question, the conclusion is not changing as the 
risk-free rate moves from 3% to 1%–both the undervalued and overvalued asset 
are still under- or overvalued.

The SML requires that the risk-free rate is known. As it is often controversial 
which rate would be the best proxy for the risk-free rate and should be taken into 
account, a solution to this problem is to use the market model which does not 
contain a risk-free rate.

1.2. the characteristic line–market model

1.2.1. Model specification

The market model, also called the characteristic line of the security, for an asset 
i has the following specification:

 ( ) ( ) ,   i i i M iE R E R eα β= + +  (7)

where ( )1 ,i i Frα β−=  α  and β  are parameters, and e is an error term.

The assumptions for the characteristic line usually are the following:
1.  ( )  0iE e =
2.  Variance of the error term is homoscedastic: ( ) 2v r .a

i
i ee σ=

3.  The error terms are not correlated: ( )cov , 0i je e =  for each .i j≠
4.  The covariance of error term with market portfolio return is zero: 

( )cov , 0i Me R =  for each i.
Without the expectations the market model is the following:
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ChaPter 3
introduCtion to deriVatiVe instruMents 

PriCing

3.1. Pricing in one-period model

3.1.1. stochastic model of market

We will consider finite models of markets – i.e. models with discrete time 
in which prices of all the available assets can take values from a finite set of 
numbers. In this subchapter we will study the simplest version of such a model, 
namely we consider only two trading dates. This is obviously very unrealistic 
oversimplification of real changes in stock and bond prices, but it allows to point 
out some important features of stochastic models of markets and develop basic 
relationships that hold true also in much more complicated models.

We assume that there are only two trading dates: the initial date   0t =  and the 
terminal date   .t T=  We have all the information about events and prices at the 
initial date – it is “the present moment”. However, we do not know what will 
happen in the future. The prices at the terminal date are modelled as random 
variables. To simplify, we assume that the sample space is finite. There are M 
possible outcomes (or states of the world) in the future. The sample space is 
thus defined as follows:

 { }1 2 , , , .Mω ω ωΩ = …

Each state of the world could happen with some positive probability. The 
probability measure (called real probability) of the state of the world ω  is giv-
en by ( ) 0.P ω >  Formally the stochastic setup of the model is defined by finite 
probability space ( , ,  ),F PΩ  where F  is a σ -algebra of all subsets of .Ω

In the financial market there are  1 N +  financial assets, which are labelled 
form 0 to N. The prices of the asset n  at the moment t  is given by ( ),nS t  
where   0,1, , ,n N= …    0, .t T=  We assume that all prices are non-negative (at the 
moment 0t =  and at the moment t T=  in all possible states of the world). The 
prices at the moment t T=  can be different in different states of the world.
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The prices of the first instrument, 0 ( ),S t  are strictly positive. We take this in-
strument as a numéraire – the values of all the other instruments and portfolios 
will be measured in the units of the numéraire. Traditionally, a numéraire is as-
sumed to be a riskless security and one uses the terms “bond” or “bank account” 
to describe it. In this approach, if the risk-free interest rate from the moment 
0 to the final moment T  equals 0,r >  then the prices of the first instrument are 
given by

 0 ( )0  1 S =   and  0  1  ( )  .S T r= +

Generally, a numéraire does not have to be riskless. However, without los-
ing generality we can assume that 0 0  ( ) 1 .S =  Let us define the discount fac-

tor as: 0( ) 1 ( ./ )t S tβ =  Thus (0) 1 β =  and 1( )  .
1  

T
r

β =
+

The prices at the initial moment are known to the investor, but the prices at 
the moment T are random variables. Using vector notation we can write:

 ( )0 1( ) ( ) (( )  , ,  , ) .T
Nt tS t S S tS= …

(0)S  is a (N  +  1)-dimensional vector and ( )S T  is (N  +  1)-dimen-
sional random variable. The prices of assets at the terminal date are ran-
dom variables and depend on the state of the world. We state this depen-
dence explicitly expressing the prices in the state of the world ω  by the 

vector ( )0 1( ) (( , )  , , , , ) ( ) ., , T
NS T S t S t S tω ω ω ω= …

Define also ( ) ( )0 1 1( ) ( ) ( ) ( ) (( )  , , , 1, ( ) , , ( ))
T T

N Nt t tS t S S S ttt tS Sβ β= =… …     as 

the vector of discounted assets’ prices, i.e. prices measured in the units of numérai-
re. Again, (0)S  is (N  +  1)-dimensional vector and ( )S T  is a vector random vari-
able and its value depends on ω : ( )1( )  ( , )  1 ( ) (, , ,  ,  ) .,

T
NS T S T S T S Tω ω ω= = …   

A portfolio or a trading strategy h  is an (N  +  1)-dimensional vector that 
describes the holdings of the investor, ( )0 1  , , , .Nh h h h= …  Here nh  denotes the 
number of asset n  held in the portfolio from the moment   0t =  till terminal date 
T. The value of the portfolio at the moment t  is given by

   0
( ) ( )( ) .

N
h

n n
n

V h S t h St t
=

⋅ == ∑
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The value at the initial moment is a constant, whereas the value at the final 

moment is a random variable: 
  0

, ( , ) ( ,  ).( )
N

h
n n

n
V T h S T h S Tω ω ω

=
⋅ == ∑

The gain from the portfolio h equals

   0
( )   (0) ,

N
h h h

n n
n

G V V h S h ST
=

− = ⋅ ∆ == ∆∑

where (  ) (0)n n nTS S S∆ = −  and ( )0  , , S .T
NS S∆ = ∆ … ∆  We define also the dis-

counted value of the portfolio – i.e. the value of the portfolio measured in the 
units of the numéraire:

   0
  ( ) ( )  ( ) ( )  ( ).

N
h h

n n
n

V t V t h S t h S tt β
=

= = ⋅ = ∑ 

The discounted gain is defined as

  1 
    ( ( , ) )  0

N
h h h

n n
n

G V T V h S h S
=

= − = = ∆⋅ ∆ ∑   

where (  ) (0).n n nTS S S∆ = −    Notice that summation starts with  1 n =  as the incre-
ment in the discounted value of the numéraire is 0.

example 1
Assume that there are three assets. The numéraire is the bank account and the 
riskless interest rate equals 5%. Thus 0 (0) 1 S =  and 0  ( 5) 1 .0 .S T =  The discount 

factor equals 1   0.95238.
1.05

=  The prices of risky assets at the initial moment are 

1  (0)  50S =  and 2  00) .( 1 5S =  We assume that there are three states of the world, 
so { }1 2 3 , , ω ω ωΩ = . We assume the following probabilities for the states of the 

world: ( )1
1  
2

P ω =  and ( ) ( )2 3
1    .
4

P Pω ω= =  The final prices of risky assets in dif-

ferent states of the world are given in Table 1.
The discounted prices of risky assets in all the possible states of the world are 

given in Table 2.
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Table 1. Data for example 1–prices at the terminal date

1ϖ 2ϖ 3ϖ

0( , )S T ω 1.05 1.05 1.05

1( , )S T ω 47.25 47.25 63

2( , )S T ω 162.75 157.5 152.25

Table 2. Example 1–discounted prices at the terminal date

1ϖ 2ϖ 3ϖ

0( , )S T ω 1 1 1

1( , )S T ω 45 45 60

2( , )S T ω 155 150 145

The increments in the prices and discounted prices are given in Table 3.

Table 3. Example 1–increments in the prices and discounted prices

1ϖ 2ϖ 3ϖ 1ϖ 2ϖ 3ϖ

0( )S ω∆ 0.05 0.05 0.05 0( )S ω∆  0 0 0
1( )S ω∆ –2.75 –2.75 13 1( )S ω∆  –5 –5 10
2( )S ω∆ 12.75 7.5 2.25 2( )S ω∆  5 0 –5

A portfolio is a three-dimensional vector ( )0 1 2  , ., Th h h h=  Its value at the ini-
tial moment equals 0 1 2    50  1 5) 0(0 .hV h h h= + +  The value at the terminal moment 
depends on the state of the world. In Table 4 the values, discounted values, gains 
and discounted gains are calculated for every possible state of the world.

Table 4. Example 1–values and gains

1ϖ 2ϖ 3ϖ

( , )hV T ω 0 1 21.05   47.25  1 62.75h h h+ + 0 1 21.05   47.25  1 57.5h h h+ + 0 1 21.05   63  1 52.25h h h+ +

( , )hV T ω 0 1 2  45  1 55h h h+ + 0 1 2  45  1 50h h h+ + 0 1 2  60  1 45h h h+ +

( )hG ω 0 1 20.05 2.75  1 2.75h h h− + 0 1 20.05 2.75   7.5h h h− + 0 1 20.05  1 3   2.25h h h+ +

( )hG ω 1 25   5h h− + 15h− 1 210 5h h−

example 2
We assume, as in Example 1, that interest rate is 5% and the prices of two risky 
assets at the initial date are 50 and 150. There are three equally possible states of 
the world and the prices at the terminal date are given in Table 5.
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Table 5. Data for example 2–prices at the terminal date

1ϖ 2ϖ 3ϖ

1( , )S T ω 42 47.25 63

2( , )S T ω 162.75 157.5 152.25

Try to calculate discounted prices, increments and discounted increments as 
well as values and gains (and their discounted counterparts). The answers are 
given in Table 6 and Table 7.

Table 6. Discounted prices and increments in Example 2

1ϖ 2ϖ 3ϖ 1ϖ 2ϖ 3ϖ

0( , )S T ω 1 1 1

1( , )S T ω 40 45 60

2( , )S T ω 155 150 145

0( )S ω∆ 0.05 0.05 0.05 0( )S ω∆  0 0 0

1( )S ω∆ –8 –2.75 13 1( )S ω∆  –10 –5 10

2( )S ω∆ 12.75 7.5 2.25 2( )S ω∆  5 0 –5

Table 7. Values and gains in Example 2

1ϖ 2ϖ 3ϖ

( , )hV T ω 0 1 21.05   42  1 62.75h h h+ + 0 1 21.05   47.25  1 57.5h h h+ + 0 1 21.05   63  1 52.25h h h+ +

( , )hV T ω 0 1 2  40  1 55h h h+ + 0 1 2  45  1 50h h h+ + 0 1 2  60  1 45h h h+ +

( )hG ω 0 1 20.05 8  1 2.75h h h− + 0 1 20.05 2.25   7.5h h h− + 0 1 20.05  1 3   2.25h h h+ +

( )hG ω 1 210   5h h− + 15h− 1 210 5h h−

example 3
Let us take all the data from Example 1 and assume that there is one additional 
state of the world 4ω . The sample space is now { }1 4, ,ω ωΩ = … . We assume 

that all outcomes are equally probable, thus ( ) 1  .
4iP ω =  The prices of risky as-

sets at the terminal date in the new state of the world are ( )1 4,   68.25S T ω =  
and ( )2 4,  1 47.S T ω =  The discounted prices in the additional state of the world 
are ( )1 4,   65S T ω =  and ( )2 4,  1 40.S T ω =  The increments are ( )1 4  1 8.25,S ω∆ =  

( )2 4   3,S ω∆ =−  ( )1 4  1 5S ω∆ =  and ( )2 4   10.S ω∆ =−  The value and discounted val-
ue are ( )4 0 1 2,  1 .05   68.25  1 47hV T h h hω = + +  and ( )4 0 1 2,      .65 1 40hV T h h hω = + +  
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The gain and discounted gain equal ( )4 0 1 2  0.05  1 8.25 3hG h h hω = + −  and 
( )4 1 2 1 5 10hG h hω = − .

3.1.2. arbitrage opportunity and the first fundamental theorem 
of asset Pricing

We assume that the market is “frictionless”. There are no transaction costs or tax-
es, an investor can build any portfolio he wishes – there are no restrictions on the 
size of position, unlimited short sales and borrowing are allowed. Additionally, 
the securities are perfectly divisible, which means that the investor’s positions 

ih  can take any real values.
To be economically reasonable, the model should fulfill some additional as-

sumptions. In particular, the model is unreasonable if it assumes that the inves-
tor is able to make profits without any exposure to risk. Such a possibility would 
be “a free lunch” and it is assumed that it is impossible in the real market. For-
mally, we define this as arbitrage opportunity.

A portfolio h is an arbitrage opportunity (or arbitrage strategy) if its initial 
value is zero,  0(0)  ,hV =  and its value at the terminal date satisfies

 ( )( ) 0  1 hP V T ≥ =    and   ( )( ) 0 0.hP V T > >

The arbitrage opportunity is thus a portfolio with an initial value, which al-
most surely (i.e. with probability 1) produces a non-negative final value and, 
with positive probability, its final value can be positive. In this definition the 
nominal (not discounted) values were used. However, one can also use a dis-
counted value or discounted gain to define the arbitrage opportunity.

In the model there exists an arbitrage opportunity if and only if there exists 
a portfolio h such that (0)  0,hV =  and at the terminal date its discounted val-
ue fulfills:

 ( )( ) 0  1 hP V T ≥ =    and   ( )) 0 0(h TP V > >

or there is a portfolio h such that

 ( )0  1 hP G ≥ =    and   ( )0 0.hP G > >

The last criterion, which uses discounted gain, is the easiest one to check. 
Note that in this criterion there is no assumption that initial value of the arbitrage 
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strategy should equal zero. If there is no arbitrage opportunity in the model, we 
say that the model is arbitrage-free or viable.

example 1 – cont.
We will consider if there exists an arbitrage opportunity in the model presented 
in Example 1. To this end we will make use of the last criterion based on dis-
counted gain. Discounted gains in all states of the world are calculated in Table 
3 (the last row). As all states of the world have positive probability, for the arbi-
trage strategy we should have ( ) 0hG ω ≥  for every ω . An arbitrage opportunity 
exists if and only if the following system of inequalities

 1 25   5 0,h h− + ≥

 15 0,h− ≥

 1 210 5 0h h− ≥

has a solution with at least one inequality being strict. As it is easy to check, the 
only solution to this system is 1 2    0h h= = . Thus in this model there is no arbi-
trage opportunity.

example 2 – cont.
One can easily check that for any portfolio with 1  1h =−  and 2   2h =−  we have 

( ) ( )1 3  0h hG Gω ω= =   and ( )2   5 0.hG ω = >  Thus the arbitrage opportunity exists 
in this model. If we take 0   350h = , we obtain the portfolio   (350, 1, 2)h = − −  such 
that  0(0)  ,hV =  ( ) ( )1 3,   ,   0h hV T V Tω ω= =  and ( )2,   5.25.hV T ω =  This portfolio is 
thus an arbitrage strategy.

Let us consider the same model of market as before, but assume that instead 
of real probabilities ( )P ω  of different states of the world, we have some artifi-
cial probabilities ( ).Q ω  We assume that the two probabilistic measures, P and 
Q, are equivalent, which means that ( ) 0Q ω >  for all the states of the world with 

( ) 0.P ω >  In our setup this is equivalent to the assumption that ( ) 0Q ω >  for all 
1{ , , }.Mω ω ω∈Ω = …

A probabilistic measure Q is called a martingale measure (or risk neutral 
measure) if the initial prices of all instruments are equal to the expected val-
ues (calculated with respect to Q) of their discounted terminal prices:
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In the formula above [ ]QE ⋅  is an expected value calculated for the prob-
ability measure Q. It should be noted that the martingale measure is always con-
nected with the numéraire that is used. We can always change the numéraire 
and, if there exists a martingale measure for standard numéraire 0S , there is also 
a probability measure in which initial prices of all securities (measured in the 
units of numéraire) are expected values of their prices. For example, suppose 
that asset 1 can serve as a numéraire (i.e. its final prices is always positive, 

1( ) 0).S T >  Let us define probability measure 1Q  as follows:
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One can easily check that probabilities 1Q  are positive and that they sum up 
to 1:
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If we denote by 1[ ]E ⋅  the expected value calculated for the probability mea-
sure 1,Q  we can make the following derivations:
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Thus we have:
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which is an equivalent of equation (1) for the asset 1 as a numéraire. The prob-
abilities 1Q  are called martingale measure for the numéraire S1. Similarly, one 
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can define martingale measures 2,Q  3,Q  … and so on–for any security that 
can serve as a numéraire. The martingale measure Q , connected with the stan-
dard numéraire 0S  will be called simply “risk-neutral measure” or “martingale 
measure” (without any addition).

There exists a deep relationship between the existence of arbitrage opportu-
nity in the model and martingale measures. It is known as “First Fundamental 
Theorem”, which states that existence of an arbitrage opportunity and existence 
of martingale measure are mutually exclusive.

First Fundamental Theorem. The model of financial market is arbitrage-free 
if and only if there exists a martingale measure, i.e. the probability measure Q  
for which the following equation holds for all securities:
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This rule can be also reformulated as follows. The model is arbitrage-free if 
for any security mS  that can serve as a numéraire there exists a probability 
measure mQ  such that

 

( )  (0) .
( )

(0) nm
n m

m

S TS S E
S T

 
=  

 
 (4)

The economic interpretation of equations (3) and (4) is that initial prices of 
securities are obtained as the expected value (under appropriate probability mea-
sure Q  or mQ ) of the final prices of assets, discounted with the chosen nu-
méraire. The equation (3) is also referred to as the “risk-neutral” pricing for-
mula. The proof of the theorem is rather simple and is based on the mathematical 
result known as “separating hyperplane theorem”. The proof can be found, e.g. 
in (Bingham & Kiesel, 2004; Elliott & Kopp, 1999; Pliska, 1997).

The other question is how to find martingale probabilities, if such a measure 
exists in the model. One can try to calculate them directly from the definition – 
using equations (1) or (3). We can also transform these equations. Using the defi-
nition of increments of discounted prices, (  ( ),) 0n n nTS S S∆ = −     we obtain the 
following condition:

 
  0Q

nE S ∆ = 
    for all  1 , , .n N= …  (5)
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it. Moreover, as we pointed out in the previous subchapter, public companies 
may offer securities not only to raise additional capital but for many different 
reasons. They still can use all three methods: rights offering (when they of-
fer new shares to existing shareholders, e.g. to avoid a hostile takeover); private 
placements (especially when they issue bonds to a small group of financial in-
stitutions) and subsequent public offerings (when they offer newly issued shares 
on the open market to raise capital).

Public offerings are more complex and more time-consuming than private place-
ments. Newly issued stocks or bonds that are publicly offered have to be regis-
tered by a given regulatory authority, such as Securities and Exchange Commis-
sion (SEC) in the U.S. or Polish Financial Supervision Authority (KNF) in Poland. 
Not all the companies meet the requirements set by regulators to register their se-
curities, so this type of offering may be not available to many companies.

In public companies the decision about new security issue and its form is 
made by managers (executives) but in some legal systems it has to be approved by 
existing shareholders. Generally, in the U.S. managers (or being precise–a board 
of directors) have far-reaching flexibility in issuing new securities. Moreover, 
the power of deciding to whom the newly issued shares are offered and what 
type of offering is used is practically in the hands of the board of directors, 
mostly because of limitations of shareholders’ preemptive rights. In Europe, 
on the contrary, shareholders must approve managers’ propositions. Their pre-
emptive rights are generally given as a general principle (the so-called default 
rule). Moreover, in some countries any increase in stock capital has to be ap-
proved by shareholders’ meeting with supermajority, so managers’ discretion is 
thus curbed to a significant extent.

4.5. types of offerings

4.5.1. Private placements

As we mentioned before, capital market regulatory and supervisory authorities 
register all publicly offered securities. The registration procedure may be quite 
complex, costly and time-consuming. This does not refer to private placements, 
which is the biggest advantage of this method of security offering. Offerings are 
treated as private placements when they target a specified and limited group of 
investors Currently (2018) the maximum acceptable number of targeted inves-
tors equals 35 in the U.S. and 149 in Poland. An offer to an undefined group of 
investors or an offer to a defined group of investors exceeding a certain num-
ber (e.g. to 150 or more investors in Poland) is treated as a public offering.
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Private placements are generally much easier to arrange and require much 
less information to be revealed by the issuing company. They are also less time-
consuming than public offerings, which means that additional capital can be 
raised relatively quickly. Moreover, companies’ managers (in private compa-
nies simply their owners) may decide to whom new securities are offered so they 
can “set” the ownership structure (to some extent it is also possible in public 
offerings but with limitations).

The main disadvantage of private placements is a limited secondary mar-
ket. Any investor deciding to buy bonds or stocks in a private placement should 
be aware that it may be quite difficult to exit, because it is not so easy to find 
a buyer outside the open market. It is a problem for investors but also for issu-
ing companies – to attract investors they have to compensate them for this lack 
of liquidity by offering extra premium to the rate of return. That’s why it is not 
obvious whether private placements are “effectively” cheaper than public offer-
ings. On the one hand, direct costs of organizing an offer (fees for legal advisors, 
auditors and underwriters, commissions paid to authorities and stock exchanges, 
etc.) are lower but, on the other hand, cost of capital (e.g. an offered coupon rate 
in bond offering) is higher.

Private placements are used mostly for debt instruments, especially in the 
U.S., where bonds are offered to institutional investors, like pension funds, mu-
tual funds or insurance companies. Notice that bonds have strictly defined matu-
rity, so these investors will be eventually paid off when the bonds mature with-
out a need to resell them (of course, they will have to find a buyer, if they want 
to exit before maturity date). It does not refer to stocks which have undefined 
maturity, so to exit, one needs to find a willing buyer.

Since the ‘90s this method has been also used extensively by mature Europe-
an companies and companies from other parts of the world to issue both stocks 
and bonds in the U.S. due to some relaxed restrictions in subsequent trading of 
such securities. In 1990 SEC adopted Rule 144A under which securities can be 
offered in the form of a private placement to U.S. big financial institutions (with 
at least $100m in assets under management), called qualified institutional buy-
ers (QIBs), who can trade unregistered securities among themselves before they 
are eventually traded on the open market. Relaxing the trading restrictions sig-
nificantly broadened the US private equity market (and bond market, especially 
for non-U.S. companies).

Polish listed companies use private placements mainly to raise additional 
capital in a special form called target capital (unknown in common law sys-
tems). Shareholders can delegate to managers the power to increase the initial 
share capital by the amount that cannot exceed 75% of the outstanding shares 
(similar rules exist in other European countries, including Germany, Italy and 
many more but they can differ slightly). Managers can exercise this right and 
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increase the share capital by issuing and offering new shares to old or new share-
holders. In practice, they typically start with offering subscription warrants to 
a specified group of investors. These warrants can be eventually converted into 
company’s shares. The procedure allows to raise capital relatively quickly with 
the transaction costs limited to the minimum, which is its main advantage, as 
pointed out by managers of public companies listed on the Warsaw Stock Ex-
change. It gives managers valuable financial flexibility, but at the cost of limited 
shareholders’ rights. Minority investors often claim that the procedure leads to 
the dilution effect because it allows to exclude their preemptive rights (this is 
one of the exceptions from the general principle when current shareholders can-
not exercise their preemptive rights to new shares).

4.5.2. initial public offerings

4.5.2.1. Basics of iPos and reasons for going public

Initial public offering (IPO) is a company’s first security offering to the pub-
lic (unknown investors). It may refer to both stocks and bonds, however, typi-
cally one means stock offering when talking about IPO so we will also do this 
throughout this chapter.

After the IPO a private (closed) company becomes a public company (also 
called a listed company), because from that time on its shares (bonds) are traded 
on an open market and thus are easily available to the public. Going public 
(called also simply debut or flotation) is typically a milestone in company’s 
life cycle.

First of all, it causes a big change in company’s ownership structure. Af-
ter the IPO the number of company’s owners may increase from several founders 
to thousands or even millions of stockholders. It obviously makes the ownership 
structure of public companies much more dispersed, meaning that an average 
stockholder holds a relatively small stake in company’s capital. Old shareholders 
lose some of their voting power but typically retain control over the company 
even when they sell part of their stake during IPO. Moreover, it is not only the 
number of shareholders that grows after IPO, but also the frequency the stakes 
trade between subsequent stockholders. The ownership structure of public com-
panies is changing all the time as millions of its shares can be traded daily on the 
open market.

Secondly, a public company needs to change totally its attitude towards 
disclosures. Closely held companies typically keep all the information about 
their activities secret, unless some information is required by special rules (it 
may refer to financial statements informing about companies’ financial perfor-
mance and financial position). Public companies, on the other hand, have to meet 
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mandatory disclosure and reporting standards, meaning that they have to re-
veal all important information (information that could affect its market price) to 
the public. It is required by regulatory authorities to give all the outside investors 
the same opportunity to use the information in their investment decisions. Ac-
tually, the reporting requirements for public companies imposed by regulatory 
authorities are the main reason why the owners of many big, mature companies 
still prefer their firms to operate as closely-held companies.

We started this chapter with indicating the main aims of security offerings 
highlighting the company’s need for additional capital. In the section devoted to 
IPOs we should add some special aims of this special form of offering. Why do 
companies go public? Of course, most of them do this because listed companies 
have better access to capital. It is why relatively young firms with substantial 
capital need to go public, especially in the U.S. where the average age of such 
companies is much lower than in Europe.

Nevertheless, it is definitely not the only reason why companies organize 
IPOs. First of all, main shareholders often use an IPO as the opportunity to cash 
out, an important reason which we also mentioned earlier. It refers especially 
to venture capital and private equity firms (VC/PE firms) that invest in young 
private companies, sometimes at very early stage (e.g. startup) and exit often via 
IPOs. Other group of investors that often cash out during IPOs are companies’ 
founders. However, founders typically sell a relatively small part of their stakes, 
contrary to VC/PE firms that basically get rid of their whole stake in companies 
going public.

in practice
Dino Polska SA is a Polish retailer that went public in 2017. It was one of 
the biggest IPOs in the last several years. A secondary tranche (the only 
one) consisted of shares held (indirectly) by one of the biggest private equity 
firm that operates in Poland – Enterprise Investors. They were sold for PLN 
33.50, which gives an offer the size of PLN 1.6bn. Enterprise Investors had 
invested about PLN 200m seven years before the company went public. It 
gives a holding period pre-tax rate of return of app. 700% (no dividends 
were paid during that period).

IPOs are sometimes used also to establish market price of stock and to let the 
market asses company’s performance. This reason is highlighted when compa-
nies engage in equity carve-out transactions. Equity carve-out is a form of a di-
vestiture when a company sells to the public its stake in a subsidiary, typically 
a business segment previously separated from the parent company that operates 
in different industry.

Last, but not least, managers often claim that one of the reasons for orga-
nizing an initial public offering and going public is to gain publicity and en-
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hance company’s reputation. It is not easy to asses if there is any “marketing” 
gain from going public, but it seems reasonable that it can enhance companies’ 
credibility, mainly due to the transparency forced by reporting standards.

4.5.2.2. iPo procedures and requirements

Decision to go public. The very first step in IPO is always the decision to go 
public, which is typically proposed by managers and approved by shareholders 
(notice that in many private, closely held companies it may be the same indi-
viduals). The formal approval may take the form of a General Shareholders’ 
Meeting’s resolution. It is worth mentioning that those firms that operate in an-
other form than a corporation (e.g. partnerships) have to incorporate before they 
go public. Not all the companies are eligible to go public. They have to meet the 
criteria set by stock exchanges, called listing requirements covering generally 
three areas: financial history, size and liquidity. Many stock exchanges require 
companies to operate for at least 3-5 years before going public. Most exchanges 
also require minimum earnings level or minimum market capitalization (total 
number of shares outstanding multiplied by the share market price). Compa-
nies have to submit financial statements documenting their financial performance 
to regulatory authorities and to stock exchanges for approval. Stock exchanges 
care about future trading so they require minimum liquidity guaranteed by the 
company. It is typically measured with the so-called free float which is the pro-
portion of outstanding stocks available for trading after all blockholders’ stakes 
are excluded.

in practice
In many countries younger and smaller companies that cannot be listed 
in the main markets may still choose sub-markets with less strict require-
ments. The best examples are AIM (Alternative Investment Market) run by 
the London Stock Exchange with 960 companies listed at the end of 2017 
and total capitalization exceeding GBP 100bn or New Connect run by the 
Warsaw Stock Exchange with 400 companies and total capitalization of ap-
proximately PLN 10bn. It is worth mentioning that some companies listed 
in sub-markets implement relatively poor corporate governance structures 
and even stop meeting the limited listing requirements (e.g. stop publishing 
financial reports) and are eventually excluded from listings. Sub-markets are 
generally full of the so-called penny stocks. Deutsche Boerse was forced to 
close its sub-market, Neuer Markt, in 2002 to improve market transparency 
and regain investor confidence.

Choosing underwriter(s) and other advisors. After the decision is made, 
the company should choose advisors and auditors. They are responsible for busi-
ness and legal due diligence of the company. The most important role is played 




